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Notation

G = (S,A) a symmetric, 2-player game where
— S is the strategy space;

= Aij = Uy(S;,8)) = Uy(si.8)-

X,y are mixed strategies; u(x,y) = xTAy.
us.y).

ax+(1-a)y.

u(ax+(1-a)y,z) = au(x,z) +(1-a)u(y,z)

Replicator dynamics

* pi(t) = #people who plays s; at t;
* p(t) = total population at t.
o Xi(t) = pi()/p(t); X(t) = (X4(1),..., X, (1)).

e % =[u(s;, x)—u(x,x)|x. = u(s, — x, x)x,




Rationalizability

o Let X(.) be the solution to replicator dynamics starting at x,.

Theorem: If a pure strategy i is strictly dominated by y
and X, is in the interior, then lim, x;(t) = 0.

Proof: Define v;(x) = log(x;) — Z;y;log(x;). Then,

wzi—:—zj yji_j:u(si —x,x)—zj yju(sj - X, X)=U(s, - Y, X).

Hence, v;(X(t)) —>-., i.e., X;(t) = 0.

Theorem: If i is not rationalizable and x, is in the
interior, then limt x;(t,x,) = 0.

Theorem

Every ESS x is an asymptotically stable steady

state of replicator dynamics. (If the individuals can
inherit the mixed strategies, the converse is also true.)

Proof: Define C = supp(x), Q = {y|C < supp(y)},
H(y) = Z;.cxilog(yy).
1. xis alocal maximum of H, and

2. daneighborhood n(x) s.t. H is increasing
along any trajectory in Qn(x).

H=3x2 =Y xuls - y.y)=u(x-y,y)>0,

ieC yi ieC




Theorem

If X is an asymptotically stable steady state of
replicator dynamics, then (x,x) is a perfect
Nash equilibrium.

Proof:

1. (x,x) is a Nash equilibrium.

1. xisstable => dx/dt = u(s;-x,X)x;=0.

2. Suppose (x,x)&NE.

3. Jigsupp(x): u(s;i-x,x) > 0. [by 1 and 2]

4. 38>0,n(x): u(si-y,y) > 6 Yyen(x).

5. &(ty0) > yo%edtif £(.,y°) remained in n(x).

2. X s not weakly dominated.

General dynamics

Definition: A process is payoff monotone iff,
at each interior Xx, .
X X
u(s;, x) > u(s;,x) & —>—.
X X
Theorem: Under any any “regular,” payoff
monotone dynamics, if strategy i is
eliminated by the process of iterated pure
strategy strict dominance, then lim, x;(t) = 0.




Adjustment models with
Persistent Randomness

Malin idea

» There will always be small but positive
probability of mutation.

* Then, some of the strict Nash equilibria will
not be “stochastically stable.”




Stochastic Adjustment

1. Consider a game.

2. Specify a state
space O, e.g., the
# of players
playing a strategy.

A B
2,2 0,0
0,0 1,1

2. ©={AAABBABB}

Stochastic Adjustment, continued

3. Specify an adjustment
dynamics, e.g., best-
response dynamics,
with a transition matrix
P, where

Po:=Pr(6att+lg att)

¢ = a probability
distribution, a
column vector.

3.

AA AB BA BB

1700/ O0

0O,0]1]0
P=

0O,1]01]0

0] 0|01
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AB
BA
BB




Stochastic Adjustment, continued

4. Introduce a small 4. A A. AB BA BB

noise: Consider Pg,
continuousing and  [(1-8)?|(1-e)g(1-€)e| &

P: >Pase— 0. (1-e)g| €2 |(1-e)?|(1-€)e

pe =
_ el 2 _
Make sure that there |0 —2¢(178)"7 & [(1-e)e

exist a unique ¢.* s.t. g2 |(1-¢e)e|(1-g)g|(1—¢)?

¢s* = Pe (I)g*'
0.* = (1/4,1/4,1/4,1/4)T,

Stochastic Adjustment, continued

5. Verify that lim__,¢.* = ¢* exists; compute
¢*. (By continuity ¢* = P¢*.)
6. Check that ¢* is a point mass, i.e.,
¢*(6%) =1
for some 6*.

The strategy profile at 6* is called stochastically
stable equilibrium.




