
L3-1.1Copyright © Radhika Nagpal, 2002.

Mathematics for Computer Science

MIT 6.042J/18.062J

Relations

L3-1.2Copyright © Radhika Nagpal, 2002.

A Relation R

1a

2a

3a

1b

2b

3b

A B

R

L3-1.3Copyright © Radhika Nagpal, 2002.

6.042

6.003

6.012

ClassesStudents

“is taking”

Example

L3-1.4Copyright © Radhika Nagpal, 2002.

Example

Boston

Providence

New York

Boston

Providence

New York

Cities Cities

“direct bus 

connection”

L3-1.5Copyright © Radhika Nagpal, 2002.

Example
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Relation Abstraction
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Registrar

• Assign students to professors who they are 

not currently taking classes with

Q
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Relation T

C P

classes professors

T

6.042

6.012

L3-1.10Copyright © Radhika Nagpal, 2002.

New Relation
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Registrar Database

• Assign students to professors who they are 

not currently taking classes with.

RTQ

(Ben, Prof. X) Q
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The Agenda

• Is it possible to get from any building connected to 
the infinite corridor to any other building without 
crossing more than 5 other buildings?

• How does Athena decide where to put your 
locker?

• How many classes per term do you need to take to 
graduate in course 6 in 3 years?

• How many days will it take the TAs to execute 
their evil plan of taking over MIT?
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Overview of Topics

• Representation (lists, matrices, digraphs)

• Operations (inverse, composition)

• Properties (reflexive, symmetric, transitive)

• Equivalence Relations 

• Partial Orders
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Functions and Relations

Is a function a relation?

Yes!

f :A B

R = {(a,b) | where b = f(a) }
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Functions and Relations

Is a relation a function?

No

A B

R
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Functions and Relations

But…

Can I represent a relation using 
a function?

R ={(a1,b1), (a1,b2), (a1, b5)}

f(a1) = {b1, b3, b5}

f: A (B)
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Relations and Functions

(define (f a)

…..

(list bi) )
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Relational Properties

AAR

A relation on a set A
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Relational Properties

Let R be a relation on the set A

Reflexive:

Symmetric:

Transitive:

a A aRa

bRaaRb

aRcbRcaRb
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Examples

a R b ::= a is parent of b

• Reflexive

• Symmetric

• Transitive

NO

NO

NO

L3-1.22Copyright © Radhika Nagpal, 2002.

Examples

a R b ::= MIT building a is physically           

connected to building b

• Reflexive

• Symmetric

• Transitive

NO

YES

NO

L3-1.23Copyright © Radhika Nagpal, 2002.

Examples

a R b ::= a < b for a,b integers

• Reflexive    NO

• Symmetric  NO

• Transitive   YES

Actually is asymmetric
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In-Class Problem 1
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Relational Properties

R is a relation on the set A

Reflexive:

Symmetric:

Transitive:

a A aRa

bRaaRb

aRcbRcaRb
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Problem 1

False Theorem:

Suppose R is a relation on A.  If R

is symmetric and transitive, then 

R is reflexive.
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Counter-example

R ::= {(a,a),(a,b),(b,a),(b,b)}

on the set A ::= {a,b,c}

• Symmetric and Transitive

• But Not Reflexive since (c,c) R
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False Proof

1. Let x be an arbitrary element of A.

A = {a,b,c}, so x = a, b or c.

2. Let y be any element of A such that xRy.

BUG: R = {(a,a),(a,b),(b,a),(b,b)}, so

no such y exists for x = c!

3. Since R is symmetric, this implies yRx.

4. Now xRy and yRx, so by transitivity xRx.

5. Since x was arbitrary, x A xRx,

which proves that R is reflexive. QED.
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Types of Relations

Equivalence

• Reflexive, Transitive, Symmetric.

Partial Orders

• Reflexive, Transitive, Antisymmetric.
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Equivalence Relations

• Two names are equivalent if           Ben Bob
they start with the same letter

• Propositional equivalence 

• Modulo equivalence                        1 5 (mod 4)

• Rubik’s cube equivalence                       

• Equivalent code (compilers)

QPQP
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Equivalence

R ::= {(x,y) N N | the names x and y start    

with the same letter} where N is the set 

of all names in the 6.042 class

• Reflexive

• Symmetric

• Transitive

YES

YES

YES
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Partitions

Theorem:

An equivalence relation on a set A

partitions A into disjoint sets
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Equivalence Classes

R ::= {(x,y) N N | the names x and y start    

with the same letter} where N is the set 

of all names in the 6.042 class

{Ackermann, Ada, Alyssa}

{Dijkstra, DeMorgan}

{Euler, Erdös}

= [Ackermann]

= [Dijkstra]

= [Euler]
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Application: Athena

Example: Athena partitions the filesystem into directories

based on the first two letters of a username.
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Hash Functions

General CS Problem: How do you map a  large 

address space into a smaller address space

collisi

( 1 ) (

o

)

ns

2h name h name

Small 

address space

Small 

address space
Large set of 

addresses

Large set of 

addresses
h

So that no                     occur? 

L3-1.36Copyright © Radhika Nagpal, 2002.

Equivalence Relation

:: (mod 4)a R b a b

(mod 4) ( ) 4a b a b k

Reminder:

(1 5) 4 1 1 5 (mod 4)




