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._5 Multisets

Definition. A multiset is a collection of
objects, some of which may not be distin-
guishable from each other.

Example. {a, b, a,c,b,a} = {3-a,2:b, I-c}

repetition counts

Copyright ©2002 by Radhika Nagpal and Charles E. Leiserson. L9-3.5

,_5 Permutations of Multisets

Let S be a multiset with £ objects, each with
an infinite repetition count. That is,
S = {oo-a, 0, ...,04a; .

Q. How many r-permutations of S are there?

A. k" (easy).
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Permutations of Multisets with

Permutations of Multisets with
Limited Repetitions

Limited Repetitions

Q. How many permutations are there of S={1-M,41,4S,2-P}
MISSISSIPPT? # choices for M: [111] 34,650
(S={ 1M, 41,4S8,2:P } ) « # choices for I: "/
A. IDEA: Fill in slots. x # choices for S: [ﬂ

DDDDDDDDDDD x # choices for P: [z]
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Permutations of a Multiset with

Multinomial Coefficients Limited Repetitions

Definition. Forn=r +r,+ --- +r, the )
multinomial coefficient C(n; r, , 7y , ..., 1) Theorem. The number of permutations

is defined as of a multiset {r-a;, r,a,, ..., r,-a;}, where
n=rytr,t.-+r1s
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Proof. Fill in the 7 slots, as before. [

rl!rzl-urk!'
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Combinations of Multisets with
Unlimited Repetitions

In-Class Problems

Q. How many 2-combinations can be
chosen from the multiset

Problems 1 & 2 S = {o0-a, 00-b, co-c , c0-d}?
A. 10:

{a,a}, {a, b}, {a, ¢}, {a, d}, {b, b},
{b, ¢}, {b, d}, {c, ¢}, {c,d}, {d, dj.
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._5 Stars-and-Bars Theorem

Theorem. The number of r-combina-
tions of a multiset with » distinct
objects, each with oo repetition count, is

n—1+r
r :
Proof (Stars and Bars). Define a
bijection from the -combinations of

S={wa,,c0a, ..., 0a, tothe
permutations of 7= {r-%, (n—1)-]}.
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“® Example Bijection
How many 2-combinations from
S = {o0-a, 00-b, 00-¢, c0-d}?

e We have 2 %’s and 4-1=3 |’s:

*k ||| ={aal |Kk|k]|={b,c}
* k|| ={ab} |k||k={bd}
x|k ={ac} |Ikk|={cc}
*||%=1{ad} |Ik]*k={cd}

| | 1%% = {d, d}

|%%| | = {b,b}
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i Establishing a Bijection
An r-combination of S = {oo-a,, c©-a,,
...,0-a,} looks like

{ri-a;, ryay, ..., ra,),
where r =r +r,+ - +r,.

The corresponding permutation of 7'
{r-, (n—1)-|} looks like

Fkk | Kok | | -e- | ko .
——
ry ry ry ry

Double-check: one-to-one, onto.
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,_5 Finishing the Proof

Each permutation of 7= {r-%, (n—1)-|} can
be enumerated by considering #—1+r slots,
each filled by a % or a |, and then choosing
r of the slots to hold | ’s:

Jok ok | ok | | e | hkok .
Thus, we have
# r-combinations of S = # permutations of 7'

En—l-i—r}
= .0
-
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,_5 In-Class Problems

Problem 3
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